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1
Introduction
The two-dimensional Green's function for crack problems
in potential theory is developed for application to the
steady-state electromagnetic problem in three dimensions.
The Green's function formulation is for a single, straight
crack contained within or intersecting a regular boundary.
The Green's function formulation for potential theory is
validated using boundary element modeling of the Mode
III, pure (antiplane) shear fracture mechanics problem.

The Green's function formulation is then used to model
the three- dimensional magnetic ®eld for the steady-state
current ¯ow through a two-dimensional plate with a plane
crack. The BIE formulation is used to compute the normal
component of the magnetic ®eld for an arbitrary remote
sensing location. This component of the magnetic ®eld can
be detected by a superconducting quantum interference
device (SQUID) which is under research development for
detecting cracks in aerostructures.

The required boundary integrals involve the tangential
current ¯ow on all boundaries including that for the crack.
The explicit form for each of the two crack tip singularity
terms is derived. The problem is validated with experi-
mental data taken by a research SQUID system for a plate
containing a single, thin slot representing the crack.

The use of special Green's functions for two dimen-
sional cracks in elasticity is well established. The ®rst
application for straight cracks in anisotropic elastic plates
was given by Snyder and Cruse (1975). The Green's
function was derived at the same time for micromechanics
applications by Sinclair and Hirth (1975). The use of the
Green's function to obtain crack tip stress intensity factor
path integrals was demonstrated by Snyder and Cruse
(1975) and by Stern et al. (1976); a later application of this
path integral was given by Kim (1985).

Applications of the Green's function method have been
made to curved cracks, branched cracks, and multiple

cracks, as in Rudolphi and Koo (1985) and Ang (1986). A
Green's function for a crack interacting with an inclusion
has also been developed by Li and Chudnovsky (1994).
A summary of these and other BIE fracture mechanics
advances is given in Cruse (1996).

2
The two dimensional electromagnetic potential theory
problem
The target problem is the prediction of the gradient of the
three dimensional magnetic ®eld created by steady current
¯ow through a two dimensional plate containing one or
two cracks coming from a hole. The electrical ®eld prob-
lem in two dimensions is solved using the Green's function
formulation for the two-dimensional crack problem.

We then apply three-dimensional potential theory to get
the induced magnetic ®eld normal to the plate. All three-
dimensional aspects of the current ¯ow problem in the
®nite thickness plate are ignored and the two-dimensional
current ¯ow is integrated over the ®nite thickness of the
plate to get the three-dimensional magnetic vector at a
speci®ed ®eld location. The normal component of the
magnetic ®eld is detected at that location using a ®ne-scale
magnetometer type of device.

The following few equations summarize the problem of
the electromagnetic (EM) ®eld problem for steady current
¯ow through a body with a crack. The surfaces are be
assumed to be perfectly insulating except for the surfaces
of current injection and removal. The conservation of
charge is a side condition for this Neumann problem. The
following derivations are based on the equations and
de®nitions in Lorrain 1988.

The vector electrical ®eld for the steady-state electrical
conduction problem ~E�q� is taken to be the negative gra-
dient of a harmonic function.1

~E�q� � ÿ~rV�q� �1�
The current vector~J�q� is scaled from the electrical ®eld by
the conductivity r which is taken to be a constant for the
body.

~J�q� � r~E�q� �2�
The steady current ¯ow problem means that the electro-
static potential V�q� is harmonic, r2V � 0.

1 The upper case letters (P, Q) are used to denote boundary
points, while the lower case letters (p, q) are used to denote
domain points.
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The boundary conditions for the conductor are given in
terms of the current ¯ow density across the boundary
de®ned by its outward normal n̂ unit vector.

~J�Q� � n̂�Q� � ÿr
oV

on
� rg�Q� �3�

For insulated portions of the boundary, g�Q� � 0. Thus,
we have a Neumann problem to solve with the BIE, for the
potential V . The boundary integral equation (BIE) for this
problem is summarized below.Z

S

�V�Q� ÿ V�P�� oW�P;Q; a�
on�Q� dS�Q�

�
Z

S

W�P;Q; a�g�Q� dS�Q� �4�

The physical interpretation of the requirement for the
solvability of this Fredholm equation of the First Kind is
that the total current ¯ow is conserved. When we account
for the fact that parts of the regular boundary are also
insulated, we get the ®nal form of the EM-BIE for our
application.Z

S

�V�Q� ÿ V�P�� oW�P;Q; a�
on�Q� dS�Q�

�
Z

SN

W�P;Q; a�g�Q� dS�Q� �5�

The solution of the EM-BIE is by the use of boundary
element modeling of the surface and the imposition of
boundary data interpolatives for each boundary element.
The EM-BIE code is based on the algorithm in Cruse
(1978) except that we now use quadratic variations for all
boundary data, straight-line boundary elements, and exact
integration of the boundary element terms.

3
Complex variable, two-dimensional BIE formulation
The required ®eld problem is that of Laplace's equation
subject to mixed boundary conditions which may locally
be Dirichlet or Neumann conditions. We will formulate a
two-dimensional boundary integral equation (BIE) for this
problem using a special fundamental solution that corre-
sponds to a surface upon which the normal derivative of
the solution is zero. All other surfaces will have user-
speci®ed values of the potential or its normal derivative.

The ®eld equations are for the unknown potential /�p�
where p�x� is the two-dimensional Cartesian ®eld point.
The BIE will be formulated from a Green's identity using
the fundamental solution of Laplace's equation and is
denoted w�p; q� where p; q are the ®eld point and the
singular point, respectively.

The fundamental solution in two dimensions is given by
real part of the complex logarithm function. Recall that a
real part of a complex function is one-half of the function
plus its complex conjugate. We can then write the loga-
rithmic potential as the following real form.

w�p; q� � �log�zÿ c� � log��zÿ �c��=2 � R log�zÿ c�
�6�

where c � xp � iyp, z � xq � iyq and i � ������ÿ1
p

.

The required Green's function for the stated problem is
the sum of the logarithmic fundamental solution and a
function that will cancel the values of the normal deriva-
tive of the logarithm term at the crack surface. That is, the
normal derivative of the sum of the two potentials is to be
zero at the crack surface.

The required boundary values for our problem are ta-
ken to be the same on both the upper and lower side of the
crack C. The straight crack will be taken for convenience
to be along the real axis, centered at the origin, with the
length 2a. We denote the real location along the crack with
the parameter ÿa � t � a. The boundary conditions are
then given parametrically for the upper and lower crack
surfaces as follows:

h��t� � b�t�
hÿ�t� � b�t� �7�
We denote the parametric location of the crack the fol-
lowing combinations of these boundary conditions hold
for the Hilbert problem we have de®ned, e.g. England
(1971). The general solution allows the potential to be
discontinuous at the surface C.

h��t� ÿ hÿ�t� � 0

h��t� � hÿ�t� � 2b�t� �8�
The solution for this Hilbert problem is given by Snyder
and Cruse (1975).

h�z� � 1

p
���������������
z2 ÿ a2
p

Z
C

b�t� ��������������a2 ÿ t2
p

dt

t ÿ z
� P�z����������������

z2 ÿ a2
p �9�

In this equation, the integral is performed on the positive
side of the crack, from the left hand end t � ÿa to the
right hand end t � �a. The function of integration is a
positive power polynomial which can be determined by
the behavior of h�z� at in®nity. In what follows, we will
compute only the real part of this integral.

We now take the boundary values b�t� to be such that
they cancel the boundary conditions of the normal (y)
derivatives of the logarithmic fundamental solution. The
superposition of two functions gives us a new fundamental
solution whose y-derivative is zero on the crack surfaces.
Recalling the fundamental solution to be given by the
following expression

w�z; c� � R log�zÿ c�� �
� 1

2
log�zÿ c� � log��zÿ �c�� � �10�

we can derive the y-derivative of the logarithmic potential
at the crack, which is parallel to the x-axis. We will take
the negative of the derivative as our boundary conditions
for the Hilbert problem. The ®nal solution we seek will have
zero y-derivative at the crack by adding the Hilbert problem
potential to the fundamental solution potential.

ow�z; c�
oy

����
z�x

� 1

2

i

xÿ c
ÿ i

xÿ �c

� �
� ÿb�x� �11�

It is seen that the boundary condition is a real function on
the crack surface C.
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The Green's function is a real function with the boun-
dary conditions satisfying the values b�x�; we will take this
real function to be given by G�p; q; a�. The Hilbert problem
potential is then given by the following integral.

G�p; q; a�

� ÿ 1

2p
R

1���������������
z2 ÿ a2
p

Z
C

��������������
a2 ÿ t2
p

t ÿ z

i

t ÿ c
ÿ i

t ÿ �c

� �
dt

" #
�12�

The above integrals for the Green's function terms exist in
closed form, as can be seen in England (1971). We need
only the real part for each of the above terms, as in Snyder
and Cruse (1975), given as follows

G�p; q; a�
� R�h�z��

� ÿ 1

2
R

i���������������
z2 ÿ a2
p I�z� ÿ I�c�

zÿ c
ÿ I�z� ÿ I��c�

zÿ �c

� �� �
�13�

where the integral I�z� is de®ned below

I�z� � 1

p

Z �a

ÿa

��������������
a2 ÿ t2
p

t ÿ z
dt �

���������������
z2 ÿ a2
p

ÿ z
h i

�14�

for all z except along the crack where I�z� has the boun-
dary values

I��t� � i
��������������
t2 ÿ a2
p

ÿ t
h i

Iÿ�t� � ÿi
��������������
t2 ÿ a2
p

ÿ t
h i

t 2 C �15�
The complex potential h�z; c� has been used to ®nd a
Hilbert problem solution for the boundary data derived
from the y-derivatives of the fundamental solution. These
terms will be used for the evaluation of the BIE terms
involving the y-derivative.

The BIE also requires that we have the fundamental
solution potential, and not just its y-derivative. Therefore,
we have to integrate the function h�z� with respect to z=i to
have the function whose boundary conditions on the crack
we have just used. The integration result is given as follows
(see Cruse 1978).

G�p; q; a� � R
1

i

Z
h�z; c� dz

� �
� ÿ 1

2
R J�z; c; a� ÿ J�z; �c; a�� � �16�

where J�z; c� is given by the following result

J�z; c; a� � log

"
2

���������������
z2 ÿ a2
p ��������������

c2 ÿ a2
p � czÿ a2

z� ���������������
z2 ÿ a2
p� �

c� ��������������
c2 ÿ a2
p� �#

�17�
such that

oJ

oz
� I�z� ÿ I�c�
�zÿ c� ���������������z2 ÿ a2

p �18�

We now have the two Hilbert problem forms that are needed
to modify the BIE for the crack problem. The new potential

J�z; c; a� depends on both ®eld points as well as the crack
size. The crack for this formulation is limited to a straight
crack along the real axis with its center at the origin. For
computational purposes, we use a simple shift and rotation
of the coordinate axes to put the crack at any user-de®ned
location and orientation relative to the physical geometry.

The ®nal BIE formulation for the crack problem is ob-
tained by taking the sum of the original fundamental so-
lution with the solution of the Hilbert problem. This
modi®ed fundamental solution which satis®es the insu-
lated condition on the crack surface is denoted a Green's
function for the crack. That is, the Green's function is an
harmonic function containing the fundamental singularity
property and it satis®es the boundary conditions on the
crack. This fundamental solution is denoted by W�p; q�
and is given by the real part (denoted by the R notation)
of the two terms. The original fundamental solution term
has been normalized by dividing it by 2p.

W�p; q; a� � 1

2p
R log�zÿ c� ÿ 1

2
RfJ�z; c; a� ÿ J�z; �c; a�g

� �
� 1

4p
R log�zÿ c� � log��zÿ �c��

ÿJ�z; c; a� � J�z; �c; a�� �19�
The modi®ed fundamental solution, or Green's function,
for the crack is shown containing the crack length as a
parameter. This is to reinforce that the presence of the
crack is now embedded in the fundamental solution terms.
The Green's function derivative in the normal direction
at the surface point Q will also be needed for the BIE
formulation. That result is now given.

oW�p;Q; a�
on

� 1

4p
R

nx � iny

zÿ c
� nx ÿ iny

�zÿ �c
ÿ �nx � iny����������������

z2 ÿ a2
p

�
� I�z� ÿ I�c�

zÿ c
ÿ I�z� ÿ I��c�

zÿ �c

� ��
� 1

2p
R

nx � iny

zÿ c

� �
ÿ 1

4p
R
�nx � iny����������������

z2 ÿ a2
p
�

� I�z� ÿ I�c�
zÿ c

ÿ I�z� ÿ I��c�
zÿ �c

� ��
�20�

The BIE identity can now be written on the total of the
regular surface and the crack surface.

0 �
Z

S

�/�Q� ÿ /�P�� oW�P;Q; a�
on�Q�

ÿ
Z

S

W�P;Q; a� o/�Q�
on�Q� dS�Q�

�
Z

C
�/�Q� ÿ /�P�� oW�P;Q; a�

on�Q�
ÿ
Z

C
W�P;Q; a� o/�Q�

on�Q� dS�Q� �21�

The effect of the special Green's function formulation is
now seen. Both integrals on the crack surface C are zero.
The ®rst is zero due to the Green's function having zero
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normal derivative on the crack, and the second due to the
insulating boundary conditions for the unknown potential
function.

Thus, we take as the ®nal BIE for the insulated crack
potential theory problem to be the following equation.

0 �
Z

S

�/�Q� ÿ /�P�� oW�P;Q; a�
on�Q�

ÿ
Z

S

W�P;Q; a� o/�Q�
on�Q� dS�Q� �22�

The BIE models the crack through the Green's function,
and not through the boundary of the crack. The form that
has been derived places the crack at the origin and ori-
ented along the x-axis. However, the existing computer
program allows the user to specify the global location of
the crack and its orientation. The crack can be contained
within the region or can intersect one or more physical
surfaces. Again, the BIE code has been written to accept
these cases.

Thus, the BIE for the insulated crack problem contains
only the uncracked surface in the BIE. Application of the
special Green's function to the elasticity problem has
demonstrated the very high accuracy of this formulation
for crack problems, as in Cruse (1978). Further, applica-
tions of the special Green's function formulation have
demonstrated a high degree of accuracy for cracks at holes
and other stress concentrating geometries, see Cruse
(1988).

4
Interior derivatives of the potential
The interior potential for the Green's function formulation
is given by the identity

/�p� �
Z

S

/�Q� oW�p;Q; a�
on�Q�

ÿ
Z

S

W�p;Q; a�o/
on

����
Q

dS�Q� �23�

The derivatives in the x-direction and the y-direction of
the interior potential are needed for the full electromag-
netic ®eld formulation.

o/�p�
o�xc; yc� �

Z
S

/�Q� o2W�p;Q; a�
on�Q�o�xc; yc�

ÿ
Z

S

oW�p;Q; a�
o�xc; yc�

o/
on

����
Q

dS�Q� �24�

The derivative at the point c of the kernels given in
Eqs. (19) and (20) are required in order to compute the
gradient of the interior potential. These kernel derivatives
are given as follows.

oW�p;Q; a�
o�xc; yc� � ÿ

1

2p
R
�1; i�
zÿ c

� �
ÿ 1

4p
R

�1; i���������������
c2 ÿ a2
p I�z� ÿ I�c�

zÿ c

� ��
ÿ �1;ÿi���������������

�c2 ÿ a2
p I�z� ÿ I��c�

zÿ �c

� ��
�25�

The identity

oJ

oc
� I�c� ÿ I�z�
�cÿ z� ��������������c2 ÿ a2

p � I�z� ÿ I�c�
�zÿ c� ��������������c2 ÿ a2

p �26�

has been applied using the symmetry of J�z; c; a� with
respect to z; c.

The derivative at c of the normal derivative kernel
function in Eq. (20) is given in the following set of terms.

o2W�p;Q; a�
ono�xc; yc� � �

1

2p
R
�nx � iny��1; i�
�zÿ c�2

" #

ÿ 1

4p
R
�nx � iny��1; i����������������

z2 ÿ a2
p o

oc

I�z� ÿ I�c�
zÿ c

� �� �
� 1

4p
R
�nx � iny��1;ÿi����������������

z2 ÿ a2
p o

o�c

I�z� ÿ I��c�
zÿ �c

� �� �
�27�

The remaining derivatives with respect to z above are
given in the following result.

o
oc

I�z� ÿ I�c�
zÿ c

� I�c�
�zÿ c� ��������������c2 ÿ a2

p � I�z�
�zÿ c�2 �28�

5
Crack tip field intensity factors
One of the key parameters in crack problems is the so-
called crack tip intensity factor (CIF = K) derived from the
derivatives of the potential at each crack tip. The CIF is
given by the following limit

K�x;y� � lim
c!�a

�������������������
2p�c� a�

p o/�z; c; a�
o�x; y� �29�

for z 6� c. The intensity factor can be derived for any di-
rection of approach to either of the crack tips. For conve-
nience, we will take the point c � ��a� r� where the real
variable r is the distance from the crack tips and is taken to
be along the x-axis. Thus, �c � c for the limiting processes.
The CIF is then given by the following integral identity.

K�x;y�j�a � lim
r!0

�������
2pr
p o/�p�

o�x; y�

� lim
r!0

�������
2pr
p Z

S

/�Q� o2W�p;Q�
o�x; y�on�Q�

�
ÿ oW�p;Q�

o�x; y�
o/�Q�
on�Q�

�
dS �30�

Carrying out the limits on the two kernel functions, one
®nds that the derivative o/=ox is zero ahead of the crack.
That is, the gradient of the ¯ux parallel to the crack is zero
for potential theory. The singular term is contained solely
in o/=oy, the gradient transverse to the crack, ahead of the
crack. One can also ®nd from a study of the kernels that
the gradients for points on the crack surfaces are swapped
and the sign changed. Thus, for the top crack surface
o/=ox is singular with the CIF equal to minus that of the
approach ahead of the crack, output in the code as K. The
derivative o/=oy is, by the Green's function, zero along the
crack surfaces.
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The two kernels that are needed in order to compute K
for the limit using points ahead of the crack are given as
follows, using the right hand crack tip c � �a. The code
allows the negative crack tip computation as well.

lim
r!0

�������
2pr
p o2W�p;Q�

oyon�Q� �
�����
a

4p

r
R

i�nx � iny�
�zÿ a� ���������������z2 ÿ a2

p
" #

�31�

lim
r!0

�������
2pr
p oW�p;Q�

oy
�ÿ 1��������

4pa
p R

i�I�z� ÿ I�a��
zÿ a

� �
�32�

The boundary element method (BEM) replaces the actual
boundary with an approximate boundary discretized as a
®nite set of simple elements. The current algorithm uses
straight line segments in order that we can implement
analytical integrations of the kernels in Eqs. (19) and (20).
The boundary functions are then represented by quadratic
interpolations over each boundary segment. Continuity of
the potential is enforced, but not continuity of the ¯ux,
between the boundary elements. The analytical integra-
tions of the two kernels times quadratic polynomial in-
terpolations of the boundary data are computed on an
element-by-element basis. The details of the boundary
element analytical integrations are contained in the
dissertation by Ewing (1998).

5.1
Test problem for antiplane shear loaded crack
The test problem is the antiplane-shear fracture mechanics
problem governed by Laplace's equation r2w�x; y� for the
equilibrium equation in terms of the displacement func-
tion w�x; y�. The two shear stresses (denoted by sxz and syz

where z is normal to the plane) correspond to the gradi-
ents of the potential in the x, y directions. Thus, the
formulated Green's function corresponds to the exact
solution for a large plate containing a central crack
remotely loaded by the applied shear traction o/=on.
Equilibrium of the boundary tractions is given by the
side-conditionI

S

ow�x; y�
on

dS � 0 �33�

which must be satis®ed for the solution to the BIE to exist.
The test problem is a large square plate containing a

central crack of length 2a to simulate an in®nite plate. The
crack is taken to have various angles b relative to the
global x-axis for the test problems. The test problems are
loaded by constant antiplane-shear values of syz on the
upper and lower surfaces.

The validation criteria for the numerical solutions are
the shear stress intensity factor, referred to as the Mode III
stress intensity factor in fracture analysis. The intensity
factor for the in®nite plate loaded by a constant syz � s0 at
in®nity is given by the following result from Sneddon and
Lowengrub (1969).

KIII � s0

������
pa
p �34�

In the case of the angled crack the solution is found in the
handbook by Tada et al. (1985) to be given as follows:

KIII � s0 cos b
������
pa
p �35�

The exact displacement ®eld solution for points on the
crack surfaces (corresponding to the values of the poten-
tial in the ®eld) is given by Sneddon and Lowengrub
(1969) as follows:

w�x 2 C; 0�
a

� s0

l

�������������������
1ÿ x

a

� �2
r

�36�

The singular stress terms near the crack tip are given as
follows:

sxz � ÿ KIII�������
2pr
p sin

h
2

syz � � KIII�������
2pr
p cos

h
2

�37�

The numerical results of the EM-BEM con®rm the validity
of the formulation. The EM-BEM code reproduces the
exact solution for the stress intensity factor, the shear
stress gradient along the crack, and the displacements
along the crack. The accuracy relative to the above ana-
lytical solutions for the in®nite body is 0:004 , and can be
further improved by increasing W=2a, which was taken to
be 100 for the test problems. The EM-BEM code is there-
fore taken to be validated.

6
The three-dimensional magnetic field problem
The vector magnetic ®eld ~B at an arbitrary point in space
but caused by the steady current is derived according to
the law of Biot-Savart according to Lorrain et al. (1988).
We will take the three dimensional ®eld point for the
determination of the magnetic ®eld as the point s�x�. In
general, this point will be taken at some distance z from
the mid-plane of the two-dimensional plate with a central
crack.

The magnetic ®eld is given as the curl of the current
®eld divided by the distance between the coil point and the
integration point. The result, written for the three
dimensional problem, is given as follows.

~B�s� � l0

4p

Z
R

~rs �
~J�q�

r�s; q�

 !
dV�q� �38�

where l0 is the free space permeability constant. Note that
the gradient is taken at the free-space point s and not the
integration point q. The gradient could be taken outside of
the integral and lead to a different potential formulation
for the non-steady state solution. We will leave the gra-
dient inside the integration for our developments.

The result can also be written in terms of the electrical
current potential V�q�, which substitution is valid for the
steady-state electromagnetic formulation, as given in
Eq. (1).

~B�s� � ÿl0r
4p

Z
R

~rs �
~rqV�q�
r�s; q�

 !
dV�q� �39�

At this time we can expand the gradient operator as
follows
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~rs �
~rqV�q�
r�s; q�

 !
�ÿ ~rq �

~rqV�q�
r�s; q�

 !

�
~rq � ~rqV�q�

r�s; q�

�40�

However, the last term above is zero due to taking the curl
of a gradient of a scalar ®eld. We can then write the fol-
lowing form in terms of the derivatives at q.

~rs �
~rqV�q�
r�s; q�

 !
� ÿ~rq �

~rqV�q�
r�s; q�

 !
�41�

The derivatives are now all at the point q and we can drop
the notation of the derivative point. We now use Stokes'
theorem to convert the volume integral into the equivalent
surface integral, as follows. The form of Stoke's theorem
for the current application is now given,Z

V

~r�~F dV �
I

n̂�~F dS �42�

where n̂ is the surface normal. The model problem is a
plate with contours de®ned in the x-y plane and two
parallel surfaces offset from each other in the z-direction.
Thus, if we take the z-component of the left-hand side of
Eq. (42), the resulting surface integrals are on the two-
dimensional contours for the plate being analyzed. It is
this component of the gravity ®eld that we wish to model.
The second identity converts the cross-product term to the
following dot-product term.

ê3 � �n̂�~F� � �ê3 � n̂� �~F
� t̂ �~F �43�

and thusZ
V

ê3 � �~r�~F� dV �
I

t̂ �~F dS �44�

Substituting the results from Eqs. (39) and (40) into
Eq. (44), we obtain the necessary boundary integrals for
the B3 component of the magnetic ®eld in terms of the
current ¯ow along the boundaries of the two-dimensional
plate.

B3�s� � Bz�s� � l0r
4p

Z
S�C

~rV�Q� � t̂
r�s;Q� dS�Q� �45�

The modeling approach that is to be used for the EM-
applications is to be quasi-three dimensional. We take the
current to be de®ned for two dimensional slices parallel to
the surface of the plate. Each slice has a two dimensional
surface and crack geometry, although the crack geometry
can be changed for each layer to simulate a three dimen-
sional crack. The quasi-three dimensional approach ne-
glects ¯ow components in the direction normal to the
surface of the plate. This approximation may be valid if
changes in the geometry in the direction normal to the
plane of the plate are small.

The tangent vector in the above magnetic ®eld problem
is now unique and is the vector tangent to the two di-
mensional surface which has been employed in the EM-

BIE formulation. The tangential derivatives of the potential
V at the boundary can therefore be determined from the
EM-BIE solution, including points on the crack tip. Ana-
lytical derivation of the special Green's function to get the
tangential derivatives is used to compute the singular
current ¯ow at the crack tip. However, the above form is
still in three dimensional form and its integration will be
discussed in the next section.

~rpV�p� �~t � ÿ 1

2p

Z
S

�V�Q� ÿ V�P�� o
2W�p;Q; a�

onot
dS�Q�

� 1

2p

Z
S

oV�Q�
on

oW�p;Q; a�
ot

dS�Q� �46�

The magnetic ®eld at s�x� is derived from a volume po-
tential converted to the surface tangential current ¯ow
problem. If the current ¯ow was truly two dimensional, the
two dimensional result for the magnetic ®eld would con-
vert the above equation to the log�zÿ c� form used for the
fundamental solution. Clearly, the quasi-three dimensional
approach contains the most critical three dimensional el-
ements of the magnetic ®eld problem and can probably
serve well in the current application, is spite of the current
¯ow approximations used.

The integral from Eq. 45 is written again in the local
coordinate system of the measurement device, as follows

Bz�s� � ÿl0rh

4p

Z
S�C

~rV�Q� � t̂
r�s;Q� dS�Q� �47�

where h is the thickness of the plate. The EM-BEM algo-
rithm calculates dV=dt as a piecewise linear result since we
are taking V(Q) to be represented as piecewise quadratic.
This integration is done for all boundary elements except
for the crack surface C. Substituting this Vt into the in-
tegral for Bz�s� gives the contribution to the magnetic ®eld
at point s due to all boundaries except for the crack
surface, C.

The BIE for the electromagnetic problem is written in
two-dimensions. The magnetic ®eld created by the current
¯ow around the crack in two dimensions is three-dimen-
sional. The three-dimensional EM-BEM evaluations for the
magnetic ®eld for linear boundary elements in two-
dimensions is illustrated in Fig. 1. The integrals are
discussed in greater detail in Ewing (1998).

For points on the crack surface, the singular behavior of
Vt at the crack tip requires special consideration. The
complete analytic representation of Vt for crack problems
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Fig. 1. Integration geometry between pickup coil and boundary
segment
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is given by Westergaard (1939) as equivalent to the fol-
lowing analytical form:

Vt � f1�x����������������
x2 ÿ a2
p � f2�x� �48�

where f1�x� and f2�x� are analytic functions of the real
position x on the crack and a is the crack half-length. The
®rst term in Eq. (48) contains the discontinuity at the
crack tip while the second term is needed to match far ®eld
(away from the crack) boundary conditions. On the crack
surface, Eq. (48) can be rewritten as

VtjC �
if1�x������������

aÿ x
p �����������

a� x
p � f2�x�

� 1���
R
p if1�x������������

a� x
p � f2�x� �49�

� 1���
R
p iF1�x� � f2�x�

where R is the distance measured from the crack tip at
x � a. For the region near the positive crack tip, the
behavior of Vt is known to follow

Vt � Kÿ��������
2pR
p sin

b
2

�50�

where K� is the crack intensity factor (CIF) at the x � �a
crack tip. Note that at R � 0 (crack tip), Vt � 1. If there
are two crack tips in the modeled region, then there is a
corresponding Vt term proportional to Kÿ.

Due to the singular behavior of Vt at the crack tip,
numerical integration is necessary to evaluate the mag-
netic ®eld contribution of the crack. Values of Vt are
evaluated for the upper and lower crack surfaces using the
BIE program and then the magnetic ®eld is calculated
through a numerical integration of the previously stated
Biot-Savart relation (Eq. 47).

Numerical integration over the crack is accomplished
using discretization of the crack boundary into elements.
We use a coordinate transformation, Vt expressed in terms
of nodal values and interpolation functions (or shape
functions) of the intrinsic coordinate n, see Burnett (1987).
Once mapped into n-space, Gaussian quadrature numeri-
cal integration is used to evaluate the integral. The present
formulation uses quadratic interpolation functions Nm�n�
which require three nodes per boundary element.

Each half of the crack is modeled using one crack-tip
element containing the crack-tip node and one regular
element, each element being de®ned by three nodes (see
Fig. 2). The regular element is a straight-forward use of the

interpolation functions but the crack-tip element requires
some modi®cation to accommodate the singularity at the
crack tip. The crack-tip element contains the crack tip
node as its ®rst node and the mapping uses the quarter-
point formulation of Burnett (1987) to account for the
inverse square-root singular behavior at the crack tip. The
other regular element will use the general form of the
shape functions to map them to n-space.

For the crack-tip element on the upper crack surface,
the standard mapping to n-space needs to be modi®ed
to accommodate the 1=

��
t
p

behavior of Vt�t� at the crack
tip. In what follows, the crack tip point will be mapped
at t � 0. The general approach will be to split the
Vt�t� term into a singular term multiplied times a non-
singular coef®cient. The form of Vt�t� follows from
Eq. (49).

Vt�t�jC �
if �t���

t
p �������������

2Lÿ t
p

� 1��
t
p F1�t� �51�

To map Vt�t� into n-space, the singular term will use an
inverse mapping relation and the non-singular term will
use the quadratic shape functions. To determine the in-
verse mapping relation, we start with the 1=

��
t
p

behavior
which can be represented by placing the mid node of the
quadratic element at the quarter point location

t2 � 1

4
�t3 ÿ t1� �52�

Therefore, choosing t1 � 0, t2 � 1
4 L, t3 � L as shown in

Fig. 2, the quarter point mapping is given by the following
result

t � �1ÿ n2� L

4
� 1

2
n�1� n�L �53�

which has a corresponding inverse mapping given as fol-
lows

n � ÿ1� 2

���
t

L

r
�54�

The Jacobian J is given by

J � dt

dn
� ÿ2n

L

4
� 1

2
�1� 2n�L

� L

2
�1� n� �55�

Note that at the t � 0 (n � ÿ1) point the Jacobian also
equals zero. This characteristic is important when evalu-
ating the integral of the mapped function. The 1=

��
t
p

term
is represented in n-space by solving for 1=

��
t
p

in terms of n
in Eq. (54)

1��
t
p � 2���

L
p �n� 1� �56�

Therefore, the Bz contribution due to the crack-tip element
on the upper crack surface is as follows

Crack-tip element

Regular element
Quarter point Crack tip

S5 S4 S3 S2 S1

Crack-tip element

Regular element
Quarter point Crack tip

S5 S4 S3 S2 S1

Fig. 2. Crack divided into regular and quarter point (crack-tip)
elements
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BzjC �ÿ
l0rh

4p

Z
Vt�t�
r�t� ds

�ÿ l0rh

4p

Z L

0

1��
t
p F�t�

r�t�
� �

ds �57�

� ÿ l0rh

4p

Z �1

ÿ1

2���
L
p �n� 1� N1�n� F�t�

r�t�
� �

t1

"

� N2�n� f �t�
r�t�
� �

t2

�N3�n� F�t�
r�t�

� �
t3

#
L

2
�n� 1� dn

�ÿ l0rh

4p

���
L
p Z �1

ÿ1

N1�n� F�t1�
r�t1�

� ��
� N2�n� F�t2�

r�t2�
� �

� N3�n� F�t3�
r�t3�

� ��
dn

Note that as n! ÿ1 the singular term (n� 1 in denomi-
nator) goes to in®nity but is canceled by the Jacobian term
(n� 1 in numerator) going to zero, thereby making the
overall function well behaved in the mapped space. All
values of F; r; and t are known except for F at the crack tip
node which has the singularity. But at the crack tip, the
value of the function is the CIF(K�)

F�t1� � K������
2p
p �58�

The same operation can be performed to get the value at
the negative crack tip. All boundaries are now taken care
of and the following section summarizes the experimental
validation of the measurement model based on this
development.

7
Experimental validation of the EM-BEM code
A measurement model has been developed using this BIE/
EM formulation. The program simulates the scanning of a
Superconducting Quantum Interference Device (SQUID)
magnetometer, see Jenks et al. (1997), over a sample
containing a crack. The SQUID magnetometer uses small
pickup coils to sense magnetic ®eld above the sample.
Injecting a uniform DC-current in the sample causes the
current to be parallel to the sample's surface under the
pickup coil. The associated magnetic ®eld is mostly tan-
gential to the plate surface for scans located centrally and
with small lift-off distances. A ¯aw in the specimen will
perturb the current distribution and produce a vertical
magnetic ®eld component that can then be detected by the
SQUID. When the SQUID is scanned two-dimensionally
over the sample, a magnetic ®eld map is produced, re-
vealing a ¯aw signature that commonly has a dipolar shape
(maximum and minimum peaks).

As a measurement reference, electrodischarge machined
(EDM) slots and saw cuts are used in calibrating NDE
systems for detection of cracks. A combination of a drilled
hole with an EDM slot is an approximation to a crack
emanating from an aircraft fastener hole. Fabrication of
test samples made this way is simple and controllable
making it easy to build a test set representing the range of
conditions that are of interest. But measurements with

NDE instruments by Rummel et al. (1991) have shown that
the instrument response is not necessarily the same as that
from a fatigue crack of the same size and geometry. It is
possible that crack closure may cause electrical conduc-
tivity across parts of the fatigue crack thus causing a re-
duced signal response over an electrically insulated slot.
The EM-BEM code used for the SQUID measurement
simulation is for a closed crack (no width) but electrically
insulated along the entire length. Future work needs to
address the slot versus crack issues.

The validation experiment used a 5 mA DC-current
injected into a 75 mm � 150 mm � 0.03 mm copper clad
circuit board containing a 15 mm � 0.03 mm slot cut with
a scalpel (see Fig. 3). Although this setup does not provide
completely uniform current injection across the sample
(transverse to the slot) due to the point source electrodes,
the region around the centrally located slot should be
relatively uniform.

Figure 4 shows the contour map resulting from a 2D
scan over the sample with the lines AA0, BB0, and CC0.
Pro®les along these lines on this map are compared to
those calculated by the measurement model. The scaling
factor between the measured signal response (a voltage)
and the calculated magnetic ¯ux was determined using
these pro®les. Magnetic ®eld shape characteristics
(matching of peaks and valleys) will re¯ect the accuracy of
the measurement model since a difference between the
model and experiment would show up as a mismatch of
the pro®les at either the edge or the crack locations.

The measurement model is in very good agreement with
experiment for all pro®les. A slight mismatch at the right
side of AA0 can be seen and is most likely due to a small
variation in the distance from the plate to the probe
(liftoff) during a scan (i.e. that is the sample is not level).

8
Summary and conclusions
The problem formulation begins with a boundary-integral
representation for Laplace's equation in the plane. The
presence of a single, straight crack in the plane is repre-
sented by a special Green's function corresponding to zero
¯ux across the crack. The Green's function used provides a
very effective BIE model for the zero-¯ux boundary con-

75x 150x 0.03 mm Cu plate

Scan area

5 mA-dc

15x 0.03 mm slot

75x 150x 0.03 mm Cu plate

Scan area

5 mA-dc

15x 0.03 mm slot

Fig. 3. Experimental setup for DC-current injection in copper
plate with slot
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dition as the crack then is a part of the integral equation
kernels and is not a part of the modeled boundary. A
boundary element implementation for the harmonic BIE
uses quadratic data variation on piecewise linear boundary
elements. The BEM model with the Green's function is
validated for the antiplane shear crack problem for which
exact solutions exist.

The steady-state electromagnetic problem suitable for
calculating the magnetic ®eld for a cracked plate with
current injection has been formulated in terms of the
derived BIE. The gradient of the potential yields the
electrical ®eld vector. The electromagnetic ®eld equations
yield the magnetic ®eld at arbitrary three-dimensional
space points, using the law of Biot-Savart. The law of Biot-
Savart result is given in terms of two boundary integrals
of current ¯ow tangent to the boundaries which must be
evaluated for all boundary points, including the crack.
The cracked plate is represented as a ®nite thickness plate
with a two-dimensional ®eld so that the EM-BEM code
results can be used in the three-dimensional magnetic
®eld computation.

The magnetic ®eld integrals on the boundary points are
formulated as Gaussian quadratures for the quadratic EM-
BEM data. The crack surface requires a special integration
algorithm due to the singular conditions at each crack tip.
Isoparametric boundary element algorithms are used for
the magnetic ®eld boundary integrals. The crack tip ele-
ment uses the quarter-point mapping developed for BEM
traction models of fracture problems which contain the
leading term in the singular behavior. The mapping is
shown to contain the leading term exactly.

The application problem is the magnetic ®eld for the
steady-state current ¯ow through two-dimensional plate
with a crack. The magnetic ®eld is the normal component
of the ®eld, which is the component detected by an ex-

perimental SQUID magnetometer. Experimental data was
obtained for a copper plate with an EDM slot representing
a crack. The new BEM results for the magnetic ®eld are
used to simulate a SQUID scan over the plate along three
scan lines parallel and normal to the current ¯ow ®eld. The
agreement between the BEM results and the experimental
data is excellent.
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